In this paper, we deal with some linear and nonlinear Klein-Fock-Gordon (KFG) equations, which is a relativistic version of the Schrödinger equation. The approximate analytical solutions are obtained by using the homotopy analysis method (HAM). The e ciency of the HAM is that it provides a practical way to control the convergence region of series solutions by introducing an auxiliary parameter . Analytical results presented are in agreement with the existing results in open literature, which con rm the e ectiveness of this method.
Introduction
Nonlinear phenomena play an important role in mathematics, physics and engineering. Calculating exact and numerical solutions of nonlinear equations in mathematical physics play an important role in many physical problems [1] [2] [3] [4] [5] [6] [7] . The Klein-Fock-Gordon equation (or some time Klein-Gordon equation) was named after the physicist Osker Klein, Viladimir Fock and Walter Gordon, for describing relativistic electrons. Although it turned out that the Dirac equation describes the spinning electron, the KFG equation correctly describes the spinless pion. The pion is a composite particle; no spinless elementary particles have yet been found. The KFG equation [8] [9] [10] [11] [12] [13] [14] [15] was rst considered as a quantum wave equation by Schrödinger in his research for an equation describing de Broglie waves. The equation is found in his notebooks from late 1925, and he appears to have prepared a manuscript applying it to the hydrogen atom. After the Schrödinger equation was introduced, Fock wrote an article about its generalization for the case of magnetic elds, where forces depend on velocity, and independently derived this equation. The KFG equation also appears in di erent physical phenomenon such as condensed matter physics, interaction of solitons in collisionless plasma and nonlinear wave equation etc. We should point out that the KFG equation for a free particle has a simple plane wave solution.
Consider the KFG equation
this is for a free particle. By denoting µ = − ∇ , the above equation can be rewritten as
Here the operator is also called the d'Alembert operator. There are many analytical methods proposed for solving the nonlinear problems, including variational iteration method (VIM) [16] [17] [18] [19] [20] [21] [22] [23] [24] , Adomian decomposition method (ADM) [25] [26] [27] , homotopy perturbation method (HPM) [13] , di erential transform method (DTM) [15] and homotopy analysis method HAM [28, 29] . Reviewing these improvements, HAM that was rst proposed in 1992 by Liao has been paid special attention. It has been successfully applied to di erent nonlinear problems such as Hayat et al. [32] , Abbasbandy [33] , Kumar [34] . Our work focuses on analytical solutions of KFG equation. In this work, we consider the KFG equation
subject to the initial conditions
where ψ is a function of x and t and n is a positive integer.
The HAM
In this paper, we apply the HAM to the four problems to be discussed. In order to show the basic idea of HAM, con-sider the following di erential equation:
Where N is a nonlinear operator, x and t denote the independent variables and ψ is an unknown function. By means of the HAM, we rst construct the so-called zerothorder deformation equation
where q ∈ [ , ] is the embedding parameter, ≠ is an auxiliary parameter, L is an auxiliary linear operator, φ (x, t; q) is an unknown function, ψ (x, t) is an initial guess of ψ (x, t; q). It is obvious that when the embedding parameter q = and q = , equation (6) becomes
respectively. Thus as q increases from 0 to 1, the solution φ (x, t; q) varies from the initial guess ψ (x, t) to the exact solutionψ (x, t). Expanding φ (x, t; q) in Taylor series with respect to q, one has
where
The convergence of the series (6) depends upon the auxiliary parameter . If it is convergent at q = , one has
Which must be one of the solution of the original nonlinear equation, as proven by Liao [28] . De ne the vectors
Di erentiating the zeroth-order deformation equation (6) m-times with respect to q and then dividing them by m! and nally setting q = , we get the following mth-order deformation equation:
m > 1 It should be emphasized that ψm (x, t; q) for m ≥ is governed by the linear equation (12) with linear boundary conditions that come from the original problem, which can be solved by the symbolic computation software Mathematica © .
Applications . Linear KFG equation
Consider the linear form of KFG equation taking a = , b =
Equation (13) suggests that we de ne the nonlinear operator as
and the linear operator
with the property
where c (x)and c (x) are constant of integration. Applying (12) under the initial conditions, where
the solution of the mth order deformation equation (12) 
We now successively obtain
Thus, the series solution can be expressed as
When = − , we recover references [11, 14, 15] . First, to nd the proper values of for the series solutions, we plot the so-called curve of ψ, using the 10 th order HAM approximation as shown in Fig. 1 . According to this -curve, it is easy to discover the valid region of , which corresponds to the line segment parallel to the horizontal axis. 
. KFG equation with quadratic nonlinearity
Consider the nonlinear KFG equation taking a = , b = − , n = ψ tt − ψxx = −ψ (25) ψ (x, ) = + sin x, ψ t (x, ) = (26) Equation (25) suggests that we de ne the nonlinear operator as
and the auxillary linear operator
The solution of the mth order deformation equation (12) for
When = − , we recover references [11, 14] . We plot the socalled curve ofψ, using the 7 th order HAM approximation as shown in Fig. 3 . According to this -curve, it is easy to discover the valid region of . Here we also point out that when = − , using Mathematica © we recover Ravi Kanth et al. [15] obtained by DTM given as 
. KFG equations with cubic nonlinearity
Consider the nonlinear KFG equation 
The exact solution of equation (35) is ψ (x, t) = − sech (x + . t). Equation (13) suggests that we de ne the nonlinear operator as
the solution of the mth order deformation equation (12) for m ≥ can be obtained by software. The initial approximation is
The rest of the components of HAM solution can be obtained. The fth term HAM solutions is depicted in Fig. 6 .
To investigate the in uence of on the convergence of the solution, we plot the curve as shown in Fig. 5 . In Fig. 6 we obtain numerical solution of nonlinear KFG equation. It is demonstrated that the HAM solution agree very well with the exact solution. Finally, we consider the KFG equation with cubic nonlinearitȳ
where γ, c, δ, ε are appropriate physical constants with the initial conditions ψ (x, ) = ε cos kx,ψ t (x, ) = (42) with −∞ < ε < −∞and k is a speci c constant. Whenψ = εψ, the above equation reduces to
Equation (43) suggests that we de ne the nonlinear operator as
Where
The fourth term solutions are depicted in Fig. 7 for c = . , γ = . , ε = , δ = , k = and Fig. 8 for c = . , γ = . , ε = . , δ = , k = . 
Closing remarks
Many situations in solving physical problems reduce to KFG equations. These equations arise in a variety of important physical problems such as plasma physics, nonlinear wave, relativistic quantum mechanics, quantum eld theory, condensed matter physics [30] and interaction of solitons in collisionless plasma [31] etc. In this work, the KFG equations (linear and nonlinear) were solved using HAM and then the results are compared with those obtained by the ADM, VIM, HPM and DTM. Its found that these methods are the special cases of HAM. Di erent with other existing methods, by adapting , HAM provides us a practical way to control the convergence of approximate series.
